We propose an efficient procedure to obtain Green's functions by combining the shifted conjugate orthogonal conjugate gradient (shifted COCG) method with the nonequilibrium Green's function (NEGF) method based on a real-space finite-difference (RSFD) approach. The bottleneck of the computation in the NEGF scheme is matrix inversion of the Hamiltonian including the self-energy terms of electrodes to obtain perturbed Green's function in the transition region. This procedure first computes unperturbed Green's functions and calculates perturbed Green's functions from the unperturbed ones using a mathematically strict relation. Since the matrices to be inverted to obtain the unperturbed Green's functions are sparse, complex-symmetric and shifted for a given set of sampling energy points, we can use the shifted COCG method, in which once the Green's function for a reference energy point has been calculated, the Green's functions for the other energy points can be obtained with a moderate computational cost. We calculate the transport properties of a C 60 @(10,10) carbon nanotube (CNT) peapod suspended by (10,10)CNTs as an example of a large-scale transport calculation. The proposed scheme opens the possibility of performing largescale RSFD-NEGF transport calculations using massively parallel computers without the loss of accuracy originating from the incompleteness of the localized basis set.
I. INTRODUCTION
Since the discovery of quantized conductance in atomic-size contacts, there has been considerable interest in studying the electronic transport in nanoscale systems. So far, a number of calculation methods to investigate the electron transport properties through a nanostructure embedded by semi-infinite electrodes have been proposed such as the nonequilibrium Green's function (NEGF) method [1] , recursion transfer matrix method [2] , LippmannSchwinger method [3] and overbridging boundary-matching (OBM) method [4, 5] . Among them, the NEGF approach is most commonly used in connection with tight-binding models and first-principles methods for solving transport problems. In the NEGF formalism, localized basis sets consisting of either atomic orbitals or Gaussians are extensively utilized because it is straightforward to partition a whole system into a transition region and electrodes. However, the incompleteness of the basis sets sometimes degrades the accuracy [6] and the diffuse functions in the basis sets prevent us from achieving high-performance computing on massively parallel computers.
On the other hand, the calculation method using the real-space finite-difference (RSFD) approach [5, 7, 8] does not suffer from these problems. However, the linear-equation solver used to obtain the perturbed Green's functions of a transition region becomes computationally intensive as the numbers of grid points and sampling energy points increase. More efficient linear-equation solvers are required to perform large-scale first-principles transport calculations by the NEGF approach using the RSFD scheme.
In this study, we propose an efficient scheme to compute perturbed Green's functions that combines the procedure developed in the OBM method and the shifted conjugate orthogonal conjugate gradient (COCG) algorithm [9, 10] . In the NEGF method, the matrix to be inverted includes the self-energy terms of electrodes, which are energy-dependent and destroy the shift invariance of the Krylov subspace with respect to the energy of electrons.
The total computational cost of obtaining perturbed Green's functions is proportional to the number of energy points. On the other hand, unperturbed Green's functions are first calculated by the OBM method and then the effect of the electrodes is introduced in the wavefunction-matching procedure. Since the matrix to be inverted does not include nonlinear energy dependent terms, the unperturbed Green's functions are obtained by solving a set of shifted linear equations with respect to the energy. The shifted linear equations can be solved by the shifted COCG method, in which the calculation is actually carried out only for a reference energy point and the solutions for the other shifted energy points are obtained with a moderate computational cost owing to the shift invariance of the Krylov subspace. Employing the mathematically strict relationship between perturbed and unperturbed Green's functions developed in the OBM method [11] , one can greatly decrease the computational cost of the linear-equation solver.
The rest of this paper is organized as follows. In Sec. II, the NEGF method using the RSFD approach is briefly introduced. In Sec. III, we state the problem of obtaining perturbed Green's functions and introduce the computational scheme combining the procedure developed in the OBM method and the shifted COCG algorithm together with a numerical example. In Sec. IV, to demonstrate the efficiency and applicability of the newly developed method, we present a transport calculation of a C 60 @(10,10) carbon nanotube (CNT) peapod connected to CNT electrodes. Finally, we summarize our work in Sec. V.
II. COMPUTATIONAL SCHEME

A. Hamiltonian of whole system
We consider ballistic transport through a nanostructure sandwiched between two semiinfinite crystalline electrodes as shown in Fig. 1 . The periodic boundary condition is applied in the x and y directions, while the semi-infinite boundary condition is imposed in the z direction. The system under investigation can be divided into three regions: the left electrode (L), the transition region (T) and the right electrode (R). By introducing localized basis sets or real-space grids, we can decompose a whole HamiltonianĤ into the following matrix form: The KS equation for a whole system is expressed as a relation between three adjacent terms along the z direction
where E is the energy of an electron, A(z k ) is an N xy -dimensional block tridiagonal matrix including the potentials on the x-y plane at z = z k and the coefficients of the finite-difference approximation, and B z is a constant matrix that is proportional to the N xy -dimensional unit matrix I. The discretized KS equation of the whole system is written as
whereĤ is the block tridiagonal matrix
with
The partitioning in Eq. (4) corresponds to those in Fig. 1 and Eq. (1).
Since the KS Hamiltonian matrix for the RSFD scheme is very sparse and block tridiagonal, we can employ efficient iterative algorithms such as the steepest descent (SD) or conjugate gradient (CG) method to solve the eigenvalue and matrix inversion problems.
B. NEGF method using RSFD approach
This subsection gives a brief explanation of the NEGF method for later convenience. The NEGF method gives the electron transport properties without calculating the scattering wavefunction explicitly. The Green's function of a whole system can be defined as the resolvent of the Hamiltonian matrix of Eq. (4),
where Z(= E + iη) is a complex energy with η being a positive infinitesimal. The important quantity determining electron transport properties is the perturbed Green's function of the transition region written aŝ
are the self-energy terms of the left and right electrodes, respectively. Herê
are the surface Green's functions of the semi-infinite left and right electrodes, respectively.
In the RSFD-NEGF scheme, sinceB LT (B T R ) has only one nonzero N xy -dimensional blockmatrix element B z [see Eq. (4)], the self-energy terms are found to take the very simple forms ofΣ
where
and
The perturbed Green's function of the transition regionĜ T (Z) can be obtained by inverting the finite-size matrix given as
The expression for the conductance at a real energy E is given by the Fisher-Lee formula [13] :
where G r T (E) is the retarded Green's function of the transition region defined as
is the advanced Green's function, and Γ L(R) is the coupling matrix calculated from the imaginary part of the self-energy term,
III. EFFICIENT PROCEDURE TO OBTAIN PERTURBED GREEN'S FUNC-TION
A. Difficulties in obtaining perturbed Green's function by iterative method
The simplest way to obtainĜ T (Z) is the direct inversion of the matrix given by Eq.
(13). However, direct matrix inversion becomes impractical when the matrix size increases.
In addition, iterative solvers for linear equations, such as the SD and CG methods, are not efficient in this case because the matrix to be inverted given by Eq. (13) is neither Hermitian nor very sparse owing to the self-energy terms. In addition, the a computation of
, which is carried out independently at each energy, is a computationally demanding task. To circumvent these difficulties, we propose a computational procedure employing the unperturbed Green's function used in the OBM method [4, 5] and the shifted COCG algorithm [9, 10] that uses the collinear residual theorems [14] in the following subsection.
B. Unperturbed Green's function and shifted COCG method
The unperturbed Green's function of the transition is written aŝ
The relationship between the unperturbed and perturbed Green's functions is expressed as the following equation, which was derived in Ref. 11 .
. . .
For l = 0 and m + 1,
whereG T (z i , z j ; Z) is the modified G T (z i , z j ; Z) under the influence of the self-energy terms, R and L , which is expressed as
andG
The advantage of computing the unperturbed Green's function is that the matrix inverted in Eq. (17), Z −Ĥ T , is very sparse and complex symmetric. Moreover, Z k −Ĥ T are shifted matrices for a given set of energy points Z k (k = 1, 2, ...), which is in contrast to
. Therefore, shifted methods such as the shifted COCG method [9] can be applied to obtain unperturbed Green's functions.
To solve the complex-symmetric linear equations (Z k −Ĥ T )x (k) = e j , where e j denotes the jth unit vector, by the conventional COCG method [15] , we build up the Krylov subspaces independently at each complex energy Z k , which requires time-consuming matrix-vector operations for each energy. On the other hand, the shifted COCG method makes use of the fact that Krylov subspaces are shift-invariant; to solve the linear equations for a given set of sampling energy points, the spanned Krylov subspace is common to all the energy points.
Once the Krylov subspace has been built up for the reference energy point, we can obtain the Green's functions for all the sampling energy points without matrix-vector operations during the iteration steps.
It is noteworthy that we do not need to store the whole matrices of the unperturbed Green's functionsĜ T (Z) in memory. To calculate the transport properties by Eq. (14), the block-matrix elements of the perturbed Green's functions, G T (z m+1 , z 0 ; Z) and G T (z 0 , z m+1 ; Z), are required. In addition, the density of states is relevant to the diagonal elements of the perturbed Green's functions, G T (z l , z l ; Z). The evaluation of G T (z l , z l ; Z) requires the additional computation of the off-diagonal block elements G T (z 0 , z l ; Z) and G T (z m+1 , z l ; Z), which are analytically determined in an analogous manner to the derivation of Eqs. (19)- (22) from Eq. (18) . It is sufficient to store a couple of block-matrix elements of the unperturbed Green's functions so as to perform matrix-matrix operations between the N xy -dimensional block-matrix elements of the Green's functions and the self-energy terms. Thus, we can obtain the perturbed Green's functions with a moderate computation time and memory load.
There is no guarantee that the residual norms of all the sampling energy points satisfy the convergence criterion when that of the reference energy point is sufficiently small. Because the iterations are performed until all the residual norms satisfy the convergence criterion, the total number of iterations increases, resulting in the slight increase of CPU time in the shifted COCG method with respect to the number of sampling energy points. In addition, when the norm of the residual vector of the seed system becomes small, the numerical precision of the residual vectors for the sampling energy points degrades. The seed switching technique [10] , which switches the reference energy point to the point where the residual norm is largest among the sampling energy points after the solution of the reference energy point converges, enables us to build up the residual vectors for the sampling energy points without loss of numerical precision and significant increase of the computational cost. The detail of the seed switching technique is introduced in Appendix.
C. Numerical test
To demonstrate the efficiency of the present scheme, we apply the shifted COCG method to the calculation of the unperturbed Green's functions of the transition region for a Na atomic wire. The valence electron-ion interaction is described using norm-conserving pseudopotentials [16] generated by the scheme proposed by Troullier and Martins [17] . Exchangecorrelation effects are treated within the local density approximation [18] of density functional theory [12, 19] . The central finite-difference approximation is adopted for the second- 
IV. APPLICATION
We next compute the conductance spectrum of a C 60 @(10,10)CNT peapod, in which a (10,10)CNT encapsulates a C 60 molecule, as an application of the proposed method to a large system. Figure 3 shows the computational model. This system has been observed by transmission electron microscopy [20] and its electronic structure has been intensively studied by theoretical calculations [21] [22] [23] . However, the transport properties of peapods have mostly been investigated using the tight-binding approximation [23] because of the large system size required for calculations.
The size of the transition region is taken to be 42.2 × 42.2 × 32.6 bohr and the transition region contains 340 carbon atoms. The initial carbon-carbon distance is set to 2.68 bohr [22] and structural relaxation is carried out. To determine the KS effective potential for the transport calculation, the conventional supercell indicated by the rectangle in Fig. 3 is used, where the periodic boundary condition in imposed in all directions, and the grid molecule and π orbitals of the (10,10)CNT, the π bands of the (10,10)CNT are divided by the bands originating from the t 1u orbitals.
The conductance spectrum of the C 60 @(10,10)CNT is plotted in Fig. 5 . Owing to the use of the shifted COCG method, we can sample a large number of energy points so as to identify the spiky dips in the spectrum. It is found that three dips appear near the energy range of the flat bands. Figure 6 shows a real-space picture of the charge densities of scattering wavefunctions, which is useful for understanding the spatial behaviors of the transport phenomenon. The charge density distribution with the energy at T (E) ≈ 2 spreads around the (10,10)CNT, while that with the energy at the dip of the conductance spectrum accumulates in the vicinity of the C 60 molecule. These results imply the incident electrons are scattered by the t 1u orbitals of the encapsulated C 60 molecule. Since peapods have recently become experimentally accessible structures, this information should be helpful in understanding and predicting the resonant scattering in experimental transport measurements [24] . The present technique enables us to efficiently obtain perturbed Green's functions in the framework of the RSFD approach. The RSFD scheme of first-principles calculations is free of problems concerning the completeness of the basis set that appear in the methods using localized basis sets of either atomic orbitals or Gaussians. Moreover, this scheme has the advantage of being scalable to massively parallel computers without compromising on precision. We believe that this development will be important for executing large-scale transport calculations using massively parallel computers.
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where π (s,i) n is a scalar variable [14] . Using the collinear relation of Eq. (A.7), the algorithm of the shifted COCG method is given as follows. 
